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1.  INTRODUCTION 

In the second half of the twentieth century, significant and 

considerable research in fractional calculus was published in 

the field of engineering. Indeed, recent research of fractional 

calculus open a new era in the field of differential and 

integral equations, physics, signal processing, fluid 

mechanics, viscoelasticity, mathematical biology, and 

electrochemistry. There is no confusion that fractional 

calculus has become an important mathematical tool for the 

solution of diverse problems in mathematics, science, and 

engineering. Inspired by the great success of fractional 

calculus many research workers, mathematician concentrated 

on another dimension of calculus which is sometimes called 

calculus without limits or more popularly q-calculus. The q-

calculus was initiated in twenties of the last century. Kac and 

Cheung’s book [1] entitled “Quantum Calculus” provides the 

basics of such type of calculus. The fractional q-calculus is 

the q-extension of the ordinary fractional calculus. The 

present paper deals with the investigations of q-integrals and 

q-derivatives of arbitrary order, of q-Mittag-Leffler. 

 

2. DEFINITIONS AND PRELIMINARIES IN 

THIS PAPER 

𝟏. Mittag-Leffler Function: The function 𝐸µ (z) is 

defined by the series representation  

𝐸µ (t) = 
𝑡𝑛

𝛤(µ𝑛+1)

∞
𝑛=0  , µ>0, t ∈C. 

Mittag-Leffler [2], Wiman [3] and Agarwal [1] 

investigated the generalization of the above function 𝐸𝜐 (z) in 

the following manner [3]. 

𝐸𝜐 ,𝜌 (t) = 
𝑡𝑛

𝛤(𝜐𝑛 +𝜌)

∞
𝑛=0  , υ>0,ρ>0,  t ∈C,where C is the set 

of complex numbers. 

A more generalized form of Mittag-Leffler function is 

introduced by Prabhakar [54] as  

𝐸𝜐 ,𝜌
𝛿 (z) =    

(𝛿)𝑛 𝑧𝑛

𝛤 𝜐𝑛 +𝜌 𝑛 !

∞
𝑛=0  . 

The generalized Fox-Wright function pѱq(z) defined for z 

∈C, 𝑎𝑖  , 𝑏𝑗 ∈C and 𝛼𝑖 , 𝛽𝑗 ∈R  

{𝛽𝑗  ≠ 0, 𝑖 = 1,2, …𝑝, 𝑗 = 1,2,3, … 𝑞}  is given by the 

series  

pѱq(t) = pѱq 
(𝑎𝑖 , 𝛼𝑖)1,𝑝

(𝑏𝑗 , 𝛽𝑗 )1,𝑞
  ,   𝑡  =   

 𝛤 𝑎𝑖+𝛼𝑖𝑠 𝑡𝑛𝑝
𝑖=1

 𝛤(𝑏𝑗 +𝛽𝑗 𝑠
𝑞
𝑗

)       𝑛!

∞
𝑛=0  

 

2. Riemann-Liouville q-fractional Operator 

 

Agarwal [2], introduced the q-analogue of the Reimann-

Liouville fractional integral operator as follows. 

  Iq,x
α f(𝑥) = 

1

Γq  α 
 (x − qt)α−1

x

0
f(t)dq (t)  ; Re(α) > 0.   

In particular, for f(x) =𝑥𝑝 , we have  

I𝑞 ,𝑥
𝛼 (𝑥𝑝)= 

𝛤𝑞 (𝑝+1)

𝛤𝑞 (𝑝+𝛼+1)
𝑥𝑝+𝛼 ;  Re(α) > 0     

Also q-analogue of the Reimann-Liouville fractional 

derivative defined as 

  D𝑞 ,𝑥
𝛼 𝑓 𝑥 =    D𝑞

𝑛 (  I𝑞 ,𝑥
𝑛−𝛼 f )𝑥;  Re (α) < 0, and |q|<1. 

in particular, for f(x) = 𝑥𝑝 ,  we have   

     

  D𝑞 ,𝑥
𝛼  𝑥𝑝 = 

𝛤𝑞 (𝑝+1)

𝛤𝑞 (𝑝−𝛼+1)
𝑥𝑝−𝛼 ;  Re(α) < 0,|q|<1.    
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3. MAIN RESULTS 

  In this section, we have introduced the q- analogue of 

Mittag-Leffler function, which was first time coined by 

Mittag-Leffler in the year (1903) in [3]. It is defined as 

follows  

𝐸𝛼 (𝑧 ) =  
𝑧𝑛

  𝛤 𝛼𝑛 +1 
∞   
𝑛=0  ;    Re(α) > 0 

Originally Mittag-Leffler considered only the parameter α 

and assumed it as positive, but later on the generalization 

with two complex parameters was considered by Wiman as 

𝐸𝛼 ,𝛽 (𝑧 ) =  
𝑧𝑛

 𝛤 𝛼𝑛 +𝛽 
∞
𝑛=0  ; Re(α) > 0 ; and β ∈ C. 

Generally,  𝐸𝛼 ,1 (𝑧 ) = 𝐸𝛼 (𝑧 )  

In 1971, Prabhakar [54] introduced the more generalized 

function E
γ
α,β(z) defined as follows: 

E
γ
α,β(z) =  

(γ)n zn

 Γ αn+β 
∞
n=0 ;    for Re(α) > 0,  Re(β) > 0,Re(γ) 

> 0;  and α,β,γ  ∈ C. 

 

Fox-Wright Generalized Hypergeometric Functions: 

The Fox–Wright function (also known as Fox–Wright Psi 

function or just Wright function) is a generalization of the 

generalized hypergeometric function pFq(z) based on an idea 

of E. Maitland Wright (1935) [7].This is  defined as 

pᴪq   
 𝑎1 , A1  𝑎2 , A2 …  𝑎p , Ap 

 𝑏1 , B1  𝑏2 , B2 …  (𝑏q , Bq ) 
 z  =

 
Γ 𝑎1+nA1  …Γ 𝑎p +nAp   

Γ 𝑏1+nB1  … Γ 𝑏q +nBq   

∞
n=0

zn

n!
 . 

In the sequel to thisstudy, we have introduced the basic 

analogue of Mittag-Leffler as follows  

𝐸𝛼 (𝑧: 𝑞 ) =  
𝑧𝑛

𝛤𝑞  𝛼𝑛 +1 
∞   
𝑛=0  ;    Re(α) > 0 

Thefunction𝐸𝛼(𝑧: 𝑞   turns out to be a special case  of 

basic analogue of H- function. Therefore it converges under 

the convergence conditions of basic analogue of H- 

functionwhich are as follows. The integral converges if 

Re[slog(z) –  log sinπs] < 0, on the contour C, where 0<|q|< 

1,as verified by Saxena, et al [6]. 

 

Theorem: Let α >0, t ≥ 0, 𝜇 ≥ 0, 𝑅𝑒(𝜇 − 𝜐) > 0  and 

|q|< 1, α, 𝜇, 𝜐 ∈ 𝐶.   
Let𝐃𝒒,𝒙

𝜶 be the Riemann- Liouville fractional derivative 

operator, then there holds following relation 

𝐃𝒒,𝒙
𝜶   𝒕𝜸−𝟏𝐸𝛼 (𝑡: 𝑞   (𝒙)  = 

𝒙𝜸+𝛼−𝟏 ᴪ𝟐 𝟏  
(𝜸, 𝟏)(𝟏, 𝟏)

(𝜸 − 𝜶 + 𝟏, 𝝁)
 𝒙   

Proof:  

𝐃𝒒,𝒙
𝜶  𝒕𝜸−𝟏𝐸𝛼 (𝑡: 𝑞  (𝒙)  = 𝐃𝒒,𝒙

𝜶  𝒕𝜸−𝟏  
𝑡𝑛  

𝛤𝑞  𝛼𝑛 +1 
∞   
𝑛=0  (𝒙) 

𝐃𝒒,𝒙
𝜶  𝒕𝜸−𝟏𝐸𝛼 (𝑡: 𝑞  (𝒙)  =  

1

𝛤𝑞  𝛼𝑛 +1 
∞   
𝑛=0  {𝐃𝒒,𝒙

𝜶 𝑡𝑛+𝜸−𝟏}𝒙 

Or   

𝐃𝒒,𝒙
𝜶  𝒕𝜸−𝟏𝐸𝛼 (𝑡: 𝑞  (𝒙)  =  

𝛤𝑞  𝑛+𝜸 

𝛤𝑞  𝜸−𝛼+1+𝒏 
∞   
𝑛=0 𝒙𝒏+𝜸−𝛼−𝟏 

⇒ 𝐃𝒒,𝒙
𝜶  𝒕𝜸−𝟏𝐸𝛼 (𝑡: 𝑞  (𝒙)  =𝒙𝜸−𝛼−𝟏  

𝛤𝑞  𝑛+𝜸 

𝛤𝑞  𝜸−𝛼+1+𝒏 
∞   
𝑛=0 𝒙𝒏. 

By Fox–Wright Psi function or just Wright function, we 

get  

𝐃𝒒,𝒙
𝜶  𝒕𝜸−𝟏𝐸𝛼 (𝑡: 𝑞  (𝒙)  =𝒙𝜸+𝛼−𝟏  

𝛤𝑞  𝑛+𝜸 𝜞𝒒 𝒏+𝟏 

𝛤𝑞  𝜸−𝛼+1+𝒏 
∞   
𝑛=0

𝒙𝒏

 𝐪;𝐪 𝐧
 

Or  

𝐃𝒒,𝒙
𝜶  𝒕𝜸−𝟏𝐸𝛼 (𝑡: 𝑞  (𝒙) =𝒙𝜸+𝛼−𝟏 ᴪ𝟐 𝟏  

(𝜸, 𝟏)(𝟏, 𝟏)
(𝜸 − 𝜶 + 𝟏, 𝝁)

 𝒙   

Hence the proof of theorem. 

 

4. CONCLUSION 

The ML- function and its generalization are of 

fundamental importance in the fractional calculus. It has been 

shown that the solution of certain fundamental linear 

differential equations may be expressed in terms of these 

functions. These functions serve as generalization of the 

exponential function in the solution of fractional differential 

equation. Hence these functions play a central role in the 

fractional calculus. This paper explores various intra 

relationships of the Ml-function with RL- fractional operator, 

which will be useful in further analysis. On specializing the 

parameters we can obtain the corresponding result for 

exponential function. 
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